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When addressing different methods of optimization in order to solve engineering optimization problems it is 
usually assumed that these problems are defi ned correctly. However, very often, this assumption is not true. There-
fore, in the overwhelming majority of cases, the expert ends up solving ill-posed problems. In order to search for the 
best solutions, we fi rst need to defi ne the feasible solution set. This task generally presents serious, at times insur-
mountable diffi culties. The correct determination of the feasible solution set is a major challenge in engineering opti-
mization problems. In order to construct the feasible solution set, a method called the Parameter Space Investigation 
(PSI) has been created and successfully integrated into various fi elds of industry, science, and technology. Besides 
the PSI method, the methods of approximation of the feasible solution and Pareto optimal sets are considered in our 
paper The issues of the estimation of the PSI method convergence rate, the approximation of the feasible solution set 
and Pareto optimal set, and the regularization of the Pareto optimal set are described. 
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Generalized Formulation 
of Multicriteria Optimization Problems

Let us consider an object whose operation 
is described by a system of equations (differ-
ential, algebraic, etc.) or whose performance 
criteria may be directly calculated. We assume 
that the system depends on r design variables 
1,...,r representing a point  = (1,...,r) of 
an r-dimensional space . 

In the general case, when designing a ma-
chine, one has to take into account the design 
variable constraints, the functional constraints, 
and the criteria constraints [1].

The design variable constraints (con-
straints on the design variables) have the form

    j = 1, ..., r. (1) 

Obviously, the constraints (1) single out 
a parallelepiped  in the r-dimensional design 
variable space.

The functional constraints may be written 
as follows:

       l = 1, ..., t, (2)

where fl() are the functional dependences. 
The functional constraints can specify the 
range of allowable stresses in structural ele-
ments, the track gauge, etc. 

There also exist particular performance 
criteria, such as productivity, materials con-
sumption, and effi ciency. It is desired that, with 
other things being equal, these criteria, denoted 
by Φ(),  = 1, ..., k would have the extreme 
values. For simplicity, we assume that (), 
are to be minimized.

In order to avoid situations in which the 
expert regards the values of some criteria 

as unacceptable, we introduce the criteria 
constraints
      = 1,, k,  (3)

where  is the worst value of criterion () 
to which the expert may agree. 

The criteria constraints differ from the 
functional constraints in that the former are 
determined when solving a problem and, as 
a rule, are repeatedly revised. Hence, unlike 

 and , reasonable values of  cannot be 
chosen before solving the problem. 

Constraints (1)–(3) defi ne the feasible so-
lution set D. 

Let us formulate one of the basic problems 
of multicriteria optimization. It is necessary to 
fi nd such a set P  D for which

  (4)

where Φ() = (Φ(), ..., Φk()) is the crite-
rion vector and P is the Pareto optimal set.

Defi nition 1. A point 0  D, is called the 
Pareto optimal point if there exists no point 
  D such that  for all all 
 = 1, , k and  for at least 
one 0  {l, ..., k}.

A set P  D is called the Pareto optimal 
set if it consists of Pareto optimal points. 
When solving the problem, one has to deter-
mine a design variable vector point 0  P, 
which is most preferable among the vectors 
belonging to set P.

The Pareto optimal set plays an important 
role in vector optimization problems because 
it can be analyzed more easily than the feasible 
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solution set and because the optimal vector 
always belongs to the Pareto optimal set, ir-
respective of the system of preferences used 
by the expert for comparing vectors belong-
ing to the feasible solution set. Thus, when 
solving a multicriteria optimization problem, 
one always has to fi nd the set of Pareto opti-
mal solutions.

The features of the problems under consid-
eration make it necessary to represent vectors α 
by points of uniformly distributed sequences or 
the Pτ net in the space of design variables [2]. 

The Correct Defi nition 
of The Criteria Constraints 

The feasible set, in its turn, depends on the 
correct defi nition of the criteria constraints . 
The values of these constrains must be a maxi-
mum from all possible values of the respec-
tive criteria. Otherwise, since the criteria may 
be contradictory, many feasible solutions may 
be lost. Thus, the solution of a multicriteria 
optimization problem to considerable extent 
is reduced to the correct defi nition of . The 
Parameter Space Investigation method, which 
allows correct determination of  and, hence, 
of the feasible solution set. The PSI method in-
volves the following three stages [1].

The Pareto optimal set P is then construct-
ed in accordance with the defi nition presented 
above. This is done by removing those feasible 
points that can be improved with respect to all 
the criteria simultaneously.

Let us describe the proceure for con-
structing the maximum feasible solution set. 
As a rule, the expert may set  equal to 
a criterion value  whose feasibility is 
beyond doubt. 

If the selected values of  are 
not the maximum ones, then one is not sure 
whether the values of Φν() from the interval 

 are feasible. In this case 
one has to construct the feasible solution set D 
for the constraints  and the corre-
sponding Pareto optimal set P. Further, the set  
is constructed for the constraints   = 1,...,k, 
as well as the corresponding Pareto optimal set 

. Let us compare (P) and . If the vec-
tors belonging to  do not improve sub-
stantially the values of the vectors from (P), 
then one may set . Otherwise, if 
the improvement is signifi cant, then the values 
of the criteria constraints may be set equal to 

. In this case one has to make sure that the 
optimal solutions thus obtained are feasible. If 
the expert is unable to do this, then the criteria 
constraints are set equal to their previous val-
ues, .This scheme can be used for 
all possible values of  and  [3].

After analyzing P, the expert fi nds the most 
preferred solution Φ(

). As already noted, for 
the problems under consideration, experts do 
not encounter serious diffi culties in analyzing 
the Pareto optimal set and in choosing the most 
preferred solution. Thus, the PSI method has 
proved to be a very convenient and effective 
tool for the expert.

Approximation of the Feasible Set 
The algorithm discussed in [3] allows sim-

ple and effi cient identifi cation and selection of 
feasible points from the design variable space. 
However, the following question arises: How 
can one use the algorithm to construct a feasi-
ble solution set D with a given accuracy? The 
latter is constructed by singling out a subset of 
D that approaches any value of each criterion 
in region Ф(D) with a predetermined accuracy. 

Let  be an admissible (in the expert’s 
opinion) error in criterion Ф. By  we de-
note the error set {},  = l, ..., k. We will 
say that region Ф(D) is approximated by a fi -
nite set Ф(D) with an accuracy up to the set 
, if for any vector   D, there can be found 
a vector   D such that 

    = l, ..., k. 
We assume that the functions we shall be 

operating with are continuous and satisfy the 
Lipschitz condition (L) formulated as follows: 
For all vectors  and  belonging to the do-
main of defi nition of the criterion Ф, there ex-
ists a number L such that

In other words, there exists  such that

 

We will say that a function Ф() satis-
fi es the special Lipschitz condition (SL) if for 
all vectors  and  there exist numbers , 
j = 1, ..., r such that

where at least some of the  are different. 
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Let [Lν] (or ) be a dyadic rational 

number exceeding Lν (or ) and suffi ciently 

close to the latter, and let [] be the maximum 
dyadic rational number that is less than or 
equal to  and whose numerator is the same 

as that of [Lν] (or ). A dyadic number 

is a number of the form , where p and m are 
natural numbers. 

Theorem 1. If criteria Ф() are continu-
ous and satisfy either the Lipschitz condition 
or the special Lipschitz condition, then to ap-
proximate Ф(D) to within an accuracy of  it is 
suffi cient to have

 or 

points of the Pτ net. For details on τ, see [2].
The number of points needed to calculate 

the performance criteria in this estimate may be 
so large that the speed of present-day computers 
may prove to be inadequate. This diffi culty may 
be overcome by developing “fast” algorithms 
dealing not with an entire class of functions but 
instead taking into account the features of the 
functions of each concrete problem.

To approximate a feasible region Ф(D), 
such an algorithm may be constructed in the 
following way. (Although all subsequent con-
siderations presume that the Lipschitz condi-
tion is satisfi ed, they are valid as well for the 
special Lipschitz condition if constant Lν is re-

placed by ).

Let the Lipschitz constants Lν  = l, ..., k, be 
specifi ed, and let N1 be the subset of the points 
D that are either the Pareto optimal points or 
lie within the -neighborhood of a Pareto opti-
mal point with respect to at least one criterion. 
In other words, Ф(

0) ≤ Ф() ≤ Ф(
0) + , 

where 0  P, and P is the Pareto optimal set. 
Also, let N2 = D/N1 and 

Defi nition 2. A feasible solution set Ф(D) 
is said to be normally approximated if any 
point of set N1 is approximated to within an ac-
curacy of , and any point of set N2 to within 
an accuracy of .

Theorem 2. There exists a normal approxi-
mation Ф(D) of a feasible solution set Ф(D) [3].

The Pareto Optimal Set Approximation 
Since the Pareto optimal set is unstable, 

even slight errors in calculating criteria Ф() 
may lead to a drastic change in the set. This im-
plies that by approximating a feasible solution 
set with a given accuracy we cannot guarantee 
an appropriate approximation of the Pareto op-
timal set. Although the problem has been tack-
led since the 1950s, a complete solution ac-
ceptable for the majority of practical problems 
is still to be obtained. Nevertheless, promising 
methods have been proposed for some classes 
of functions . 

Let P be the Pareto optimal set in the de-
sign variable space; Ф(P) be its image; and  
be a set of admissible errors. It is desirable to 
construct a fi nite Pareto optimal set Ф(P) ap-
proximating Ф(P) to within an accuracy of .

Let Ф(D) be the -approximation of Ф(D), 
and P be the Pareto optimal subset in D. As 
has already been mentioned, the complexity of 
constructing a fi nite approximation of the Pa-
reto optimal set results from the fact that, in 
general, in approximating the feasible solution 
set Ф(D) by a fi nite set Ф(D) to within an ac-
curacy of , one cannot achieve the approxi-
mation of Ф(P) with the same accuracy. Such 
problems are said to be ill-posed in the sense 
of Tikhonov [4]. Although this notion is rou-
tinely used in computational mathematics, let 
us recall it here.

Let P be a functional in the space X, 
P:X  Y. We suppose that there exists y* = inf 
P(x), and V(y*) is the neighborhood of the de-
sired solution y*. Let us single out an element 
x* (or a set of elements) in space X and its  – 
neighborhood V(x*) and call  a solution to 
the problem of fi nding the extremum of P if the 
solution simultaneously satisfi es the conditions 

 and . If at least one 
of the conditions is not satisfi ed for arbitrary 
values of  and , then the problem is called 
ill-posed (in the sense of Tikhonov).

An analogous defi nition may be formulat-
ed for the case when P is an operator mapping 
space X into space Y. Let us set

X = {Ф(D), Ф(D)}; Y = {Ф(P), Ф(P)},

where   0, and let P:X  Y be an operator 
relating any element of X to its Pareto optimal 
subset. Then in accordance with what was said 
before, the problem of constructing sets Ф(D) 
and Ф(P) belonging simultaneously to the -
neighborhoods of Ф(D) and Ф(P), respectively, 
is ill-posed. Of course, in spaces X and Y, the met-
ric or topology, that corresponds to the system of 
preferences on Ф(D) must be specifi ed [5].
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Let us defi ne the V – neighborhood of a point Ф(0)  Ф(П) as 

In Theorem 3, we have to construct a Pa-
reto optimal set Ф(P) in which for any point 
Ф(0)  Ф(P) and any of its -neighborhoods 
V there may be found a point Ф()  Ф(P) 
belonging to V. Conversely, in the -neighbor-
hood of any point Ф()  Ф(P), there must 
exist a point Ф(0)  Ф(P). The set Ф(P) is 
called an approximation possessing property 
M. Let Ф(D), an approximation of Ф(D), have 
been constructed. 

Theorem 3. If the conditions of Theorem 1 
are satisfi ed, then there exists an approxima-
tion Ф(P) of Pareto set Ф(P) possessing the 
M – property.

The theorem will be proved by analyzing 
the neighborhoods of the so-called “suspi-
cious” points from Ф(D), that is, the points 
to whose neighborhoods the true Pareto op-
timal vectors may belong. If we fi nd new 
Pareto optimal vectors in the neighborhoods 
of the “suspicious” points then these vec-

tors may be added to Ф(P). Taken together 
with Ф(P), they form the -approximation 
of a Pareto optimal set, [5].

In [5] it is shown that this approach 
solves the problem of the ill-posedness (in 
the sense of Tikhonov) of the Pareto optimal 
set approximation. 

References 
1. Sobol, I.M., and R.B. Statnikov, Selecting Optimal 

Parameters in Multicriteria Problems. – 2nd edition. – M.: 
Drofa, 2006. 

2. Sobol’, I.M. Multidimensional Quadrature Formulas and 
Haar Functions. – M.: Nauka, 1969. 

3. Statnikov R.B., Matusov J.B. Multicriteria Optimization 
and Engineering. – New York: Chapman & Hall, 1995. 

4. Statnikov R.B., Matusov J.B. Multicriteria Analysis in 
Engineering. – Dordrecht/Boston/London: Kluwer Academic 
Publishers, 2002. 

5. Statnikov R.B., Matusov J.B. Use of Pt Nets for the Ap-
proximation of the Edgeworth-Pareto Set in Multicriteria Opti-
mization  Journal of Optimization Theory and Applications. – 
1996. – № 91(3). – Р. 543–560. 


